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Abstract

The UEFA Champions League is an annual Pan-European football competition
that takes place parallel to the domestic league competitions. The participation
in the Champions League secures the teams large payments, which have steadily
increased over the last decade. This paper develops a general contest model of a pro-
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1 Introduction

In contrast to their American counterparts, football leagues in Europe are embedded in
association structures. Every national football association governs a system of leagues
that is open through promotion and relegation from the amateur level to the top national
division of professional football. At the top of the national league pyramid, the UEFA
(Union of European Football Associations), an association of national associations, or-
ganizes European club competitions like the Champions League and the Europa League
for teams meeting certain sportive qualification criteria. The Champions League and the
Europa League take place at the same time as the domestic league competitions and
secure the participating teams large additional revenues. The format of the Champions
League has changed several times in the past. The major modification was probably the
extension of the participating teams from 24 to 32 in the 1999-2000 season combined with
a change in the payout structure.

According to Pawlowski et al. (2010), the payments to the participating teams in the
Champions League have experienced a large increase since this modification in the 1999-
2000 season. Simultaneously to the increased value of Champions League participation,
Pawlowski et al. (2010) find empirical evidence that competitive balance in the Big
Five European football leagues has experienced a ”persistent decline”.! The authors
attribute this decline in competitive balance to the significant increase in the Champions
League payments to the participating teams. However, the authors also acknowledge that
the domestic championships in the Big Five leagues have simultaneously augmented in
value due to increased ”"domestic media revenues, investor market entries, and successful
internationalization efforts by European football clubs.” This consideration raises the
question: Is there a different effect of an increase in the Champions League prize and
domestic league prize on competitive balance??

In this paper, we propose a general theory that allows to answer this and related

questions. Particularly, we develop a general framework of a contest model that can be

!The ”Big Five” leagues in Europe are: Premier League (England, 20 clubs), Ligue 1 (France, 20
clubs), Bundesliga (Germany, 18 clubs), Primera Division (Spain, 20 clubs) and the Serie A (Italy, 18
clubs).

2 According to the so-called “uncertainty of outcome hypothesis,” fans prefer to attend games with an
uncertain outcome (”competitive balance”) and enjoy close championship races (Rottenberg 1956 and
Neale 1964). For theoretical studies that deal with competitive balance in team sports leagues, see e.g.,
Késenne (20000), Szymanski & Késenne (2004), Grossmann et al. (2010) and Lang et al. (2011).



applied to a professional team sports league in which the winner of the domestic league
competition participates in the Champions League and thus it has the possibility to win
an additional prize. We analyze how changes in the Champions League and domestic
league prizes affect talent investments, win percentages and club profits for so-called
7aggregative games” (Corchon 1994).% In such aggregative games the payoffs depend
only on individual talent investments and an aggregate of all talent investments. Hence,
to derive our results, we assume ”aggregate taking behavior” (ATB), i.e., the clubs choose
their talent investments by taking the aggregate talent investments in the league as given.*
We also provide robustness tests for the results derived in our general framework applying
numerical simulations. For example, we show that our results are robust with respect
to the assumption of aggregate taking behavior because we obtain qualitatively similar
results under the classical Nash concept.

Before we proceed with the model, we briefly review the related literature. Our paper
is naturally related to the literature on sports economics. Analytical models in sports
are mainly focused on the effect of cross-subsidization schemes such as revenue shar-
ing® and salary caps® on competitive balance in one-stage contest models.” The recent
sports economics literature has suggested modeling a team sports league by making use
of contest theory.® In his seminal article, Szymanski (2003) applied Tullock’s (1980)
rent-seeking contest to ascertain the optimal design of sports leagues. However, to the
best of our knowledge, there is no contest model in sports that analyzes the effect of
Champions League and domestic league prize variations on ex-post heterogeneity.Besides
the contribution to the sports literature, our paper relates also to the contest literature,

particularly, to the literature on imperfectly discriminating contests. It is a well-known

3Even though in many cases they are not referred to explicitly as ”aggregative games” such an
aggregative structure is very common in economic models. See e.g., Alés-Ferrer & Ania (2005) for a
comprehensive overview of different examples (Cournot oligopoly, rent seeking, tragedy of the commons
ete).

4This assumption is reasonable because (i) it is plausible that the clubs have an idea of some aggregate
(or average) investment level in the league rather than the investment level of individual clubs if many
clubs are involved, (ii) this approach leads to high analytical tractability and (iii) aggregate taking
equilibrium (ATE) is a very reasonable approximation to the Nash equilibrium (NE).

For contributions that analyze the effect of revenue-sharing arrangements, see, e.g., Fort & Quirk
(1995), Vrooman (1995), Késenne (2000b), Szymanski & Késenne (2004) and Dietl & Lang (2008).

6See, e.g., Késenne (2000a), Dietl et al. (2009), Dietl et al. (2011) and Dietl et al. (2012) for theoretical
analyses of salary caps.

"According to the so-called “uncertainty of outcome hypothesis,” fans prefer to attend games with
an uncertain outcome and enjoy close championship races (Rottenberg 1956 and Neale 1964).

8The first approaches in contest theory were made by Lazear & Rosen (1981), Green & Stokey (1983)
and Nalebuff & Stiglitz (1983).



result in one-stage contests that variations in the contest prize have no effect on rela-
tive effort levels and profits (Tullock 1980). We contribute to the literature on one-stage
contests by generalizing the results of prize variations on ex-post heterogeneity to a very
general framework of a contest model. Moreover, our paper is related also to the liter-
ature on multi-stage contests, in particular, multi-stage sequential-elimination contests.
In this area, the most well-known structure is probably the multi-stage pairwise elimina-
tion contest ("knock-out tournament”).® See e.g., Gradstein & Konrad (1999), Stein &
Rapoport (2004), Harbaugh & Klumpp (2005), Klumpp & Polborn (2006) and Fu & Lu
(2012).

The remainder of the paper is organized as follows. In the next section, we introduce
our general model framework. In Section 3, we analyze isolated leagues with exogenous
and endogenous league revenues. In Section 4, we then investigate leagues which are
integrated in a superior Champions League: First we analyze across-league symmetry
and within-league heterogeneity. Second, we investigate across-league heterogeneity and
within-league symmetry. Section 5 provides robustness checks via numerical simulations.

Finally, Section 6 discusses the results and concludes the paper.

2 Model

2.1 General Setup

Let Z = [0, 1] and B the Borel set over 7 and p is a measure over (Z, B). i € Z simply is the
identity of a club in a league. To start, we consider the simple expected payoff-function
of club 2:

(i) = p(i) R — C(i) (1)

where R > 0 is a constant contest prize,i.e., the championship prize, and p(i) is a non-
1

negative pi-integrable probability function with [ p(s)u(ds) = 1. Thus, the probabilities
0

to win the contest sum up to one in the league.!® By choosing the appropriate measure

i, this setting encompasses the case of discrete (or countable) clubs as well as the case

9For multi-stage contests that analyze perfectly discriminating contests (so-called ”all pay auctions”),
see e.g., Moldovanu & Sela (2006) and Groh et al. (2012).

0We can think of (1) in the context of a general contest (not necessarily a sports contest) as follows:
For a given distribution of p(4), (1) depicts the expected payoff from a winner-takes-it-all contest, where
p(i) is the probability of player ¢ winning the contest, or as the effective payoff that ¢ gets from holding
a market share of p(i).



of ”‘zero-mass”’-clubs. In the former case we set [ j(ds) = n > 2, whereas in the latter
case  simply is the Lebesgue measure, i.e. [ pu(ds) = 1. In any case, C(i) is the costs
associated with club i.

Suppose that p(i) depends on club i’s individual effort (i) and some aggregate effort:!!

o) =P (7@, [ sietmmias))

where f and ¢ both are integrable non-negative functions, with f* > 0, f” < 0, and
P e C?(RT x RY,RT) with P, > 0 and P;; < 0. More specifically, we assume that f is
a power function with exponent 6 € (0, 1].

Further, let

where c(i) € [1,¢] is an integrable function and h € C? (R™,R") is strictly increasing
and strictly convex function. To simplify matters, we assume that A is a power function
h(z) = 2" with n > 1 which implies that this function is homogeneous and multiplicatively
separable (h(zy) = u(x)v(y)).

All clubs simultaneously and non-cooperatively maximize their payoff-function (1).

Hence they solve:

maxy) P (f (t(i)), [ f(t(s))u(ds)) R — c(i)h (¢(i))

2)
st [P (f(1(=). [ F(t()n(ds) pldz) = 1

Example: A special case is given by the Tullock success function with f(z) = z".

Then:
_ @)
Ji(s) ulds)

As we are mainly interested in the equilibrium distribution of p(7) (rather than ¢(7))

P (7. [ s

we can use the injectivity of the cost function to work with a version where the clubs
choose p(i) directly. The main advantage is that how strongly a club might affect his

winning chance p(i) by changing his effort can be captured by the cost function.

UTn our context, effort means clubs’ (financial) investments in players, coachs, staff, infrastructure
and so forth.



To see this let e(i) = f (t(z)). Then t(i) = f~! (e(i)). Hence

1) = P (<(i). [ eohn(ds)) B ik e()

where k (e(i)) = h (f~' (e(i))). Note that the assumptions on f and h imply that & is
a strictly increasing and strictly convex function.

Finally, we assume that P(¢,T) is a zero-homogenous function'2.

Proposition 1 Suppose that the function P(t,T) is zero-homogenous. Then payoffs can

be written as

I1(i) = p(i) R — c()k(T)k (¢ (p(2))) (3)
where T = [ e(s)p(ds) and ¢ € C* with ¢' > 0 and ¢" > 0.

Proof See Appendix.

2.2 Aggregate Taking Behavior

The one additional assumption we make compared to standard contest theory is that we
assume that the clubs choose their strategy taking the aggregate 71" as given. We use this

assumption because of three reasons:

e First, if many clubs are involved, it is plausible that the competitors have an idea

of some aggregate (or average) effort rather than what individual participants do.

e Second, this approach leads to high analytical tractability - especially when it comes
to examining how ex-post heterogeneity of success and profits depend on the pa-

rameters of the model.

e Third, an aggregate taking equilibrium (ATE) is a reasonable approximation to the

Nash equilibrium (NE).

To illustrate this last point, consider the following specific profit function:

I1(i) = p(i)R — c(i)T?p(i)?

I2Note that any Tullock success function satisfies this property.



Suppose that the power of f in p(i) is 1 and there is a finite number of clubs n, i.e.
(by relabelling club’s identity) T = [t(s)u(ds) = > t(i).
i=1

The conventional best-response (BR) of club ¢ is found by solving

n

1
m(a)x p(i)R — éc(z')TQp(i)2 st. T =% t().
p(i

i=1

Under aggregate taking behavior, clubs ignore their effect for the aggregate and they

solve

max p(i)R = 3e(i)T ()
The difference is that for the BR the clubs take into account their direct effect on T’
when they optimize whereas with ATB they do not. In both cases T = i t(4) holds in
equilibrium. -

For the case of BR we get as equilibrium conditions

R - R
purll) = e R 2 (i)T3p + R

i=1
and for ATB we get

n

R R
parp(i) = ——5— and 1 = —_—
" c()Tirp ; c()Tirp

The two solutions can be easily compared in the case of a symmetric league (i.e.

c(i) = ¢ Vi). Then parp(i) = ppr(i) = 1/n and

R R n
Tgr=1/—(n—1) Turp =1\ —n=Tpry| —— > Tpr
c c n—1

Thus, we see that Ty7p is larger than Tgg by a factor, which decreases to 1 as n gets
large. Intuitively, we get Tarp > Tpr because under BR the clubs take into account that,
if they increase their effort, this has the direct effect of increasing their winning chance
but at the same time there is a countervailing indirect effect as T" increases. This indirect
effect is not taken into account under AT B which explains the difference in aggregate

effort (as well as in individual effort levels ¢(7)).



In the following we will predominantly concentrate on the case of ATB. However, we
check the robustness of our main ATB results applying simulations in section 5 where we

use the classical Nash equilibrium.

3 Isolated Leagues

3.1 Exogenous Prize

In alignment with the above considerations we consider payoff-functions of the form

with R as the exogenous championship prize. K’ > 0 and K” > 0, while H(-)
is a power function (with exponent larger than 1), and H(0) = K(0) = 0. Ex-ante
heterogeneity is given by the distribution of c(i) over clubs. In detail: ¢ € C' (Z,[1,¢])
with (i) > 0.

The equilibrium conditions are given by

R = (i) (T)H' (p(i) / p(s)p(ds) = 1 (1)

Theorem 1 There exists a unique function p : T — (0,1) that solves (4) and the equi-
librium aggregate T is uniquely determined. Moreover, p(i) is a weakly decreasing and

differentiable function.

Proof See Appendix.

Remark: In the case where p is a continuous measure (i.e. where clubs have zero-
mass), p(i) is a (strictly positive) density. If u is discrete, then evaluating p(i) at points
of unit mass of u gives the probability distribution p(i) over the clubs.

Corollary 1 If c(i) is strictly increasing. Then, p(i) and I1(i) are strictly decreasing

functions in equilibrium.

Proof See Appendix.
Remark: This is what can be intuitively expected: ex-ante cost advantages (i.e.,

a lower i, since ¢(7) is increasingly ordered in i) translate into higher ex-post winning



probabilities and expected profits.
How does a change of R affect the distribution of p(i) and II(¢)? From (22) in the
appendix, we see that p(i) is independent of R.'® Some algebra then yields the following

result:

Proposition 2 In equilibrium, all clubs earn positive expected profit. The winning prob-
ability function p(i) is independent of R and so are relative winning chances p(i)/p(j).
The equilibrium profit function 11(i) and T depend strictly positively on R but relative
profits 11(:) /TI(j) are independent of R.

Proof See Appendix.

Conjecture: The level of expected overall profits never exceeds R. (This is easy to
see when p is a point measure but harder in the continuous case.)

Remark: The result shows that, with homogeneous costs, an exogenous change of the
prize never has an effect on the winning distribution nor on relative profits. Intuitively,
this occurs as doubling the prize exactly leads to a doubling of the individual costs.
Hence, when looking at relative profits, these effects cancel out. However, as I1(7) is an
increasing function of R, the result also implies that the absolute difference in profits,
II(i) — II(j), @ < j, increases as R increases.

The result further shows that R is an ineffective instrument to change the distribution
of ex-post winning probabilities in the simple fixed-prize contest setting with homoge-

neous costs (e.g. in the Tullock world).

3.2 Endogenous Prize

In this section we consider R = R (¢, T) with R € C? ((0,0)?, (0,00)) and Ry > 0. 1) > 0
is an exogenous prize shifter. In our context, 1) can be interpreted as the championship
prize in the league. The overall prize R is endogenous in this subsection, since aggregate
effort influences the size of the prize. For instance, more club effort can increase the
league’s attractiveness such that the broadcasting revenues increase in the league which

implies that the size of the championship prize increases. The expected profit function is

() = p(O) R (¢, T) — () K(T)H (p(i))

13This result is driven by the assumption of homogeneous costs (because then (22) is independent of
T) but not by aggregate taking behavior.




Further, the following conditions are helpful:

R(y,T) R(y,T)

I xmy —° A ka0 )
Rr Kr
The equilibrium conditions are
R (¥, T) = c(i) K(T)H' (p(z)) = 0 /p(S)M(dS) =1 (7)

Proposition 3 Suppose condition (5) holds. Then there exists a unique function p :
Z — (0,00) and a positive number T that solve (7), and p(i) is a strictly decreasing and
differentiable function. If additionally condition (6) holds, the aggregate T is uniquely

determined and a C*-function of 1.

Proof See Appendix.

Remark If ;1 is the discrete measure, then p(i) € (0,1). If p is continuous, then p(i)
is a density (hence p(i) > 1 is possible). As p(i) is independent of v, corollary 1 applies
again.

Regarding the comparative statics with respect to 1 some caution must be paid if
Rpr > 0. If the function R reacts strongly positive to a change of T" and 7' is slightly
larger than the equilibrium value T, this may induce clubs to increase their effort, which
increases T" and so on - so we would not reach 7™ in the end. To avoid the divergence of
such a dynamic we adopt the concept of gradient dynamics to the aggregative game.

Suppose p; = p(i) is a time-dependent function p;(7), where the adjustments, p;(7),

are proportional to OI1(:)/0p(7):

pi(r) = s(R(,T) — c(i) K(T)H' (pi(7)))  s>0 (8)

Consider a small deviation from equilibrium: p; = p; + . When does the dynamic

given by (8) lead to lim, . p;(7) = p;? Using T"(p;) = T/(1 — p;), this holds if

Re (v, T*)  K'(T*) H"(p;))1—p;

R(p,T*)  K(T*) ~ H'(pj) T~

H4Strictly spoken, this assumes that p is the discrete measure.

10



Hence we may conclude that if the equilibrium aggregate T™ is uniquely determined,
then (8) is locally stable - and comparative statics may be found in the usual way.

Henceforth, we assume conditions (5) - (6) to hold.

Corollary 2 In equilibrium, p(i) and I1(i) are strictly decreasing functions of i. Neither
p(i) nor relative profits T1(i) /I1(j) depend on 1. However, the aggregate T and the level
of profits 11(i) are strictly increasing in 1.

Proof See Appendix.

Remark: If R is endogenously determined only by the aggregative quantity 7', then
relative ex-post heterogeneity is unaffected by exogenous shifts of the prize. This result
will change (in the next section), if R also depends directly on the winning probability

p(i). Also, the result depends on the assumption of ATB.1

4 Integrated Leagues

In this section we analyze contests with prize function R = R (U, T, p(7)). ¥ = (¢,Q) is
a prize vector with two elements. The first element v is a prize shifter and stands for
the championship prize in the home league similar to the last section. In addition, {2
represents the prize in the superior league like the Champions League in the European
soccer league.

According to the formulation, the prize R depends on the winning probability. When
a European soccer club wins the championship in the home league, this club has the
opportunity to participate in the Champions League. Therefore, higher effort not only
implies a higher chance to win the championship prize ¢/ in the home league, but it also
increases the chance to win the Champions League prize €). Therefore, we capture the
Champions League effect by introducing the winning probability and {2 as an argument
in the prize function R.

In full generality, the model is analytically not sufficiently tractable to describe general
comparative-static effects of ¢ and Q on the ex-post distribution of p(i). Nevertheless,
some basic results can be obtained and are presented next. Afterwards, we simplify by

letting R be a linear function of some shift parameters.

15E.g. in the conventional two-player Tullock-model with R = 1) + (t; + t5) the relative chance p; /p>
is a decreasing function of 1.

11



Consider

[1(i) = p() R (¥, T, p(i)) — (i) K(T)H (p(i))

with H as a power function with exponent not less than 2. We henceforth assume that

R,>0, R, <0and R, < %, which asserts that

Then, if a solution to %1;((;)) = 0 exists, it is unique. Note that, for given T" and i, p(7)

is found. The equilibrium conditions are

R(W,T,p(i)+p(i) Ry (¥, T, p(i)) = (i) K(T)H' (p(i)) /p(i)u(di) =1 Vi (9)

Again, an equilibrium is a differentiable function p(i) and an aggregate 7' such that

(9) holds.

Proposition 4 (No leap-frogging) Any equilibrium (p(i),T) of (9) has the property
that p'(3),11'(i) < 0.

Proof See Appendix.

In the following we derive the Champions League model with the two phases more
specifically. There are two leagues A and B. In the first phase only clubs within a league
compete against each other for a fixed league prize ¥/ > 0, where j = A, B. In the second
phase the winners of league A and B compete against each other for a fixed Champions
League prize 2 > 0. The important feature of our analysis is that initial efforts crucially
determine both the chance to win phase one and two. This is the case e.g. where efforts
correspond to strategic precommitment.

Hence the payoff of club i in league A has the form
4(i) = PA(Wh) (v + P (Wo [W1)Q2) — Cost! (10)

where P;(WV}) is the probability that club ¢ wins in the home league (phase 1) and
P; (W5 |W7) is the conditional probability that club i wins the Champions League (phase
2) given that club ¢ won the home league (phase 1).

In the following we assume that both leagues have the same measure p of clubs and

12



the within league success function P (t,7T') is formally the same for both leagues. Hence
[ u(di) = n where n € N if p is discrete and n = 1 if p is continuous.

Leagues may however differ in the within-league prize ¢ and the ex-ante distribution
of costs c(i). Clubs take league aggregates T and TP as given.

We now derive an expression for PA (W, |[W;). First, suppose that the first-phase
success function is given by P (tA(z'), TA) as before, where T4 = [#4(i)u(di). Suppose
that club s of league B won the first-phase contest in league B. If the final contest
success function is similar to the within-league success function, the probability of club ¢
of league A winning against s simply is P (tA(i), T(s)), where T(s) = t4(i) + t8(s).

Then, the conditional probability that club ¢ of league A wins the second-phase contest
is

PA (W, W) = / pP(s)P (t(i),T(s)) 1(ds)

and (10) becomes
IV (i) = P(#9(i), T9) (W +9 / P ()P (£(0), T(s)) u(ds)) —Jih(FE) (1)

where j = A, B. An aggregate taking equilibrium are two functions t4(i),t%(i) : T — R*
and aggregate quantities T4, T® such that (¢4(:),¢5(i), T4, T?) maximize (11) for any
given (i, j)-combination and TV = [ #7(¢)u(di).

As before, we are interested in how changes of 17 or  affect the equilibrium effort
functions #/(i) and the associated winning probabilities p’(i) and profit levels IT7(7). As
there are two different levels of ex-ante heterogeneity, namely within-league heterogene-
ity versus accross-league heterogeneity, potential effects are very hard to uncover without
pursuing a rigid analysis. Therefore, we consider both the case of across-league sym-
metry but within-league heterogeneity and across-league heterogeneity but within-league
symmetry separately. It is our understanding that only along such lines the comparative-

statics of the model may be reasonably investigated.

13



4.1 Across-League Symmetry and Within-League Heterogene-
ity
In the following we assume that both leagues have the same cost distribution over the
clubs, i.e. (i) = cB(i) = c(i) Vi and ¢* = B = ). We consider'® only equilibria of the
type T4 = T8 = T, that is we consider quasi-symmetric equilibria.
To allow for a tractable analysis we work with two further simplifications. First, we

assume that the success function is given by the Tullock function, i.e.

p(i).1) = (12)

with T' = [(:)" p(di).
Next, we assume that the cost distribution of league B is highly concentrated about
its mean, i.e. c(i),c(j) are arbitrarily close to each other. Then p?(i) ~ 1/n and t5(i) ~
1/r
<$> Vi. In this case we have
(@) _ p*@T

/ PP ()P (100), T (o) )l A =T

and club i in league A chooses p?(i) to maximize

1) = 0 (04000 5 ) = O (1(0)

taking T, T as given. The FOC of his problem is
A

v D = el KIH (1)

which in a quasi-symmetric ATB equilibrium becomes (with 7' = (tA(i))r—F (tB (s)y R~
2T

n

and neglecting the superscripts for the league)

W+ p(i)Qn = c(i) K(T)H' (p(i))

16Under reasonable assumptions only such equilibria exist and are stable.

14



Hence the quasi-symmetric equilibrium is a solution (p(i),T") to

¥+ p(i)nQ = (i) K(T)H' (p(i)) /p(i)/t(di) =1 (13)

Analyzing (13) is not trivial in general. To proceed as simple as possible we assume

H to be quadratic, i.e. H (p(i)) = 3p(i)®. Then

v pnR = COKTp0) [ poutd) =1 (14)
Proposition 5 Any equilibrium of (14) has the following properties (i < j):

1. Relative winning chances p(i)/p(j) increase in  and decrease in 1.

2. There exist uniquely determined marginal players v,v" € (0,1) such that

a%p(i) Z0 iff vZi (15)
0 -\ > . >
%p(z) =0 4ff izv (16)

Proof See Appendix.

Remark: Whereas the ”competitive balance” defined by ((7,7) = z% decreases
under higher 0, the opposite holds under higher ). This divergence originates from the
fact that a change of ¥ does not affect ((4, j) directly (as we also know from earlier results)
but has an indirect effect over T'. As 1 goes up, the aggregate effort to win the contests,
T, goes up, which (see (31)) by itself decreases (. Intuitively, the last effect means that
relative ex-ante advantages diminish under higher aggregate effort. Taken together, these
effects explain why ( is reduced. An increase of () has the opposite effect because, other
than 1, changing ) directly affects ( in a positive way.

Now, we prove that a unique solution to proposition 5 exists.

Proposition 6 There ezists a unique function p(i) : T — (0,00) such that (14) holds.

Moreover, the aggregate effort T is uniquely determined and p(i) is at least a C*-function.

Proof See Appendix.

Finally, we consider profit levels. It is straightforward to show that equilibrium profit

15



levels are given by
. 1 Y2
() = = 17
(=3 () K (T) — n% (17)

Hence we get the following corollary (the clubs v, v are the same as in proposition 5):

Corollary 3 All clubs make positive profit in equilibrium. FEquilibrium relative profits
correspond exactly to relative chances and hence have the same comparative statics. If
v z i then %H(i) z 0. Further, if i > o' then %H(i) > 0 Finally, aggregate profits

depend only (positively) on 1 and are independent of Q.

Proof See Appendix.

Remark: The last result means that a change of 2 does not affect how much can be
earned but it affects who earns how much. Thus, a larger Champions League prize has
only distributive effect but it does not change the size of the cake. Whereas a change of
1 increases how much is earned and also affects who earns how much. Further, the sign
of %H(i) > ( cannot be unambiguously determined!” if 7 < v’

Open question: How is average payoff affected (seems to be increasing in both; not

trivial).

4.2 Across-League Heterogeneity and Within-League Symme-
try

In this section we examine how the distribution of chances and profits between the leagues
depend on the within-league prizes ¥4, ¥p, the across-league prize {2 and the costs. We
focus entirely on the case where p is the continuous measure'® as the results do not change
qualitatively otherwise (as can be expected upon the last sections).

Other than in the last section, we hold the degree of within-league heterogeneity fixed
by assuming that the all clubs in a given league are symmetric (i.e., they have the same
cost parameter). This means that in a symmetric equilibrium all clubs of a league choose
the same effort and hence p/(i) = % for all i € Z and j = A, B. However, leagues may be
asymmetric, which leads to asymmetric aggregates T, T? and different (overall) profit

levels.

1"For example, if there are only two types of clubs, the low- or the high-cost type, then, depending on
the parameters, the profit level might be increasing or decreasing for the low-cost type.
18The advantage is that aggregates and averages are the same.
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According to (11) and (12), the payoff function then becomes

150) = y0) (45 +.2 [ 922 0la9)) = Loyt

Hence the equilibrium conditions (remember p?(i) = 1/n) are

T — Ui

le + QQ—TAZETB = CBTE,

These conditions determine (T4, 75). We assume ca,cp > 1, La, L >0, Q > 0 and
n > 2.
A solution (T4, Tg) to (18) is locally (gradient) stable if the system of differential

equations,

Ta(r) = sa (Ya + 2020 — caT))

. (19)
TB(T) = SB (¢B + QQTAY-;]—BTB - CBTg)

is locally asymptotically stable, where s4, sp > 0 are arbitrary adjustment speeds.

Proposition 7 System (18) has a unique and locally stable solution (T4, Tg) > 0.

Proof See Appendix.

Remark: The result on stability also implies that the mapping F' (i.e., the vector
field induced by the two equilibrium expressions) is a local contraction, i.e. stable under
(simultaneous) tatonnement.

Using (18) we can write equilibrium profits as

n

Mp=1 (wB + 225 (5 - 2))

Iy =3 (@DA + A () — 2)) (20)

Proposition 8 We have T4, 114 > T, Ilg if one of the following conditions hold:
1) a>p and ca < cp
2) a4 =1vp and cy < cp

Proof See Appendix.

Proposition 9 (Comparative statics) An introduction or increase of Q has the fol-

lowing effect: Ty, Tg, 114, 1lg all increase but
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(i) ifa > g, ca > cp and Ty > Tp then l14/1lp decreases
(11) if ha < g, ca < cp and Ty > Tg then I 4 /Ilp increases

If Q > 0, increasing ¥ or decreasing c; implies that T;,11; increase, T-;,I1-; decrease

and I1; /TI1; increases.

Proof See Appendix.

Corollary 4 If 4 > ¥p and cy = cp then 114/l decreases in Q. If Y = g and

ca < cp then 114 /1 increases in €.

Proof See Appendix.

Remark: This result shows that the source of the comparative advantage (cost-driven
or prize-driven) matters crucially for how a change in the Champions League prize affects
the relative profits (can be seen most clearly if 2 = 0 initially).

The following result shows that increasing the Champions League prize might reverse

aggregate profitability compared to autarky.

Proposition 10 Suppose that ca > cg, Ya > Vg and Ya/ca > Vp/cg. Then Q =0
implies that Ty > T and 114 > Tl but both Tx /T and 114 /15 are decreasing functions
of Q. There exists a ) > 0 such that Ty < Tg for all Q > Q. Moreover, there exists
Q" > such that 114 < Ilg for all > Q.

Proof See Appendix.

Suppose that a league has a cost advantage but a lower league prize. This proposition
shows that the cost advantage crowds out the league prize disadvantage for an increasing
Champions League prize. As the Champions League gets more and more important, we
expect that more efficient leagues (i.e., leagues with lower costs) are more successful and

differences in league prizes may plays a minor role.

5 Robustness

This section provides robustness checks for our general league model developed in the
preceding sections. For the robustness checks, we consider two leagues A and B where

each league is composed out of two clubs. We denote talent investments of club ¢ € {1, 2}
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in league k € {A, B} by t;.. For the simulations, we consider the standard Tullock CSF,
which is the most widely-used functional form of a CSF in sporting contests.! The
probability that club i € {1,2} in league k € {A, B} wins against club j € {1,2} in

league | € {A, B} is given by
lik
i+t

piltin, tyr) = (21)

The profit function of club 7 in league k is given by

S tie {L +( til tik n tii bik )Q} g
" tik + tjk k tuy+tjtie 1ty  Tat+tyty+t ik

with 4,7 € {1,2},i # j and k,l € {A, B}, k # [. With probability —%— the club i

tik+tk

wins against club j in league k£ and has the right to participate in the Champions League

il
tit+tj

where this club plays with probability against the league [ club ¢ or with probability

t_lti’t - it plays against the league [ club j. The respective probabilities that the league k
Tty

club ¢ wins against the league [ club 7 and j are given by t.t"’“ - and —“£— | respectively.
ikttt tzk""t]l
We further assume that the league k£ club 7 incurs strictly convex talent investment costs
given by the quadratic cost function ¢ t%,. We measure competitive balance as the ratio
of win percentages C'B = %’Z. The league is completely balanced (i.e., CB = 1) if both
J
clubs have the same win percentage, while lower or higher values of C'B characterize a
less balanced league with a lower degree of competitive balance.

We test robustness of the models as follows:

e In contrast to the assumption of aggregate taking behavior, we simulate the model
with the classical Nash concept. We will show that our main results in the previous
sections are robust as we get qualitatively similar results. Thus, the additional

strategical effects under the Nash concept are second-order effects.

e In the last two subsections we separately discussed asymmetry within and across
leagues. In our simulations we additionally discuss the model when the two types

of asymmetry are simultaneously present.

In the following three subsection, we first simulate the model with across-league sym-

metry and within-league heterogeneity. Afterwards, we consider across-league hetero-

9Note that the logit CSF was introduced by Tullock (1980). Skaperdas (1996) and Clark & Riis (1998)
subsequently axiomatized it.
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geneity but within-league symmetry. Finally, additional results are derived when both

types of asymmetry are present.

5.1 Across-League Symmetry and Within-League Heterogene-
ity

As a first approach, we assume that the two leagues are symmetric but clubs are asym-

metric within each league. Formally, the league prizes are the same across leagues,

i.e., Y4 = ¥p = ¢ and the clubs have a similar cost structure across the leagues, i.e.,

c14 = c1p = ¢1 and coq = o = ¢ With ¢ # ¢9. To check the robustness of Propositions

2 and 5, we simulate the effect of variations in the league prizes 1) and the Champions

League prize 2, respectively, on competitive balance within the two leagues. For the

simulations, we use the following parameters:

League A League B
Favorite cia=1 cip=1
Underdog o4 =1.1 cp=1.1

Hence, in each league club 1 denotes the more efficient club which operates with lower
costs as compared to club 2.

Figure 1 illustrates the effects of variations in the CL prize ) (x-axis) on competitive
balance C'B in both leagues (y-axis) for different values of league prizes (¢ € {1,3,5}).
Because the leagues are symmetric, competitive balance is the same in both leagues and
therefore, it suffices to report only one league.

From Figure 1, we derive the following numerical findings regarding league prize and

Champions League prize variations:

Result 1 (i) For a positive Champions League prize, higher league prizes increase com-
petitive balance in both leagues. If the Champions League does not exist, higher league
prizes have no effect on competitive balance in either league.

(ii) A higher Champions League prize decreases competitive balance in both leagues.

(i) Consistent with Proposition 5, higher league prizes have positive effects on com-
petitive balance in the two leagues if the Champions League exists. Moreover, consistent
with Proposition 2, higher league prizes do not affect competitive balance in isolated

leagues, i.e., if the Champions League does not exist (2 = 0).
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Figure 1: Effects of Variations in CL Prize on CB
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(ii) Consistent with Proposition 5, a higher Champions League prize has a negative

effect on competitive balance in the two leagues.

5.2 Across-League Heterogeneity and Within-League Symme-

try

In this section, we assume that the clubs in the two leagues are symmetric, i.e., both

clubs within a league have the same cost structure but across leagues there is asymmetry.

Formally, league prizes are not the same, i.e., 14 # 1 p but the clubs have a similar cost

structure within the leagues, i.e., ci4 = o4 = ca and c1p = g = cg with ¢4 # ¢p.

To check the robustness of Proposition 10, we simulate the effect of variations in the

Champions League prize 2 on aggregate talent T, TP and aggregate profits I14, IT” in

leagues A and B, respectively. For the simulations, we use the following parameters:

League A League B
Favorite cia=2 c¢p=15
Underdog coa =2 cop=1.5

Moreover, we fix the league B prize at ¥ = 2 and analyze different levels of the

league A prize with ¥4 € {3,4,5}. Hence, the assumptions of Proposition 10 are satisfied

because c4 > cp and % > g for all ¢4 € {3,4,5}.
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Figure 2 illustrates the effects of variations in the Champions League prize €2 (x-axis)
on the ratio of aggregate talent % (Panel a) and aggregate profits g—g (Panel b) between

league A and league B (y-axis) for different values of the league A prize (¢4 € {3,4,5}).

Figure 2: Effects of Variations in CL Prize on Talent and Profits
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From Figure 2, we derive the following numerical findings regarding Champions

League prize variations:

Result 2 (i) Without a Champions League prize (i.e., @ = 0), we find T* > TP and
4 > 2. Moreover, the ratio of aggregate talent ;—g and aggregate profits g—;‘ are

decreasing functions of €.

A

(it) For each *, there exists Q' (*) and Q" (¥*) such that Ly <1V Q > Q'(L*) and
2 <1V Q> Q"@A), with Q" (v4) > Q) and ¥4 € {3,4,5}.

The numerical finding is consistent with Proposition 10. Part (i) shows that if the
Champions League prize is zero, aggregate talent and aggregate profits are higher in
league A than in B. By increasing the Champions League prize, the ratios of ;—2 and
aggregate profits g—ﬁ decrease regardless of the value of the league A prize. Part (ii)
shows that we find critical values (£,Q") of the Champions League prize such that
T4 < TB and II* < II? if the Champions League prize is above these critical values.

Moreover, the threshold value 2" is always lower than '. For example, 2"(3) = 12 > 2 =
(3).
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5.3 Across-League Heterogeneity and Within-League Hetero-
geneity

In this section, we intend to verify whether one of our main results, namely the different
effects on competitive balance of variations in the Champions League and domestic league
prizes, also holds under full heterogeneity (i.e., across- and within-league heterogeneity).

For the simulations, we use the following cost parameters:

League A League B
Favorite cia=1 c¢p=11

Underdog co4 =12 cop=1.3

First, we assume that the league prize between both leagues are similar, i.e., 4 =
vp. Here, we find qualitatively the same results as in Result 1. Second, we relax the
assumption of symmetric league prizes and consider different league prizes, i.e., ¥4 # ¥p.
Specifically, we fix ¥p = 3 and allow for variations in 4.

Figure 3 illustrates the effects of variations in the league prizes ¢ (x-axis) on com-
petitive balance C'B (y-axis) in league A (Panel a) and league B (Panel b) for different
values of league A prizes (14 € {1,3,5}).

Figure 3: Effects of Variations in CL Prize on CB
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From Figure 3, we derive the following numerical findings regarding Champions

League and league prize variations:

Result 3 (i) A higher Champions League prize decreases competitive balance in both

leagues.
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(ii) For a positive Champions League prize, a higher league A prize increase competi-
tive balance in league A and decreases competitive balance in league B. If the Champions
League does not exist, a higher league A prize has no affect on competitive balance in

either league.

(i) Consistent with Proposition 5, increasing the Champions League prize has a neg-
ative effect on competitive balance in both leagues.

(ii) Consistent with Proposition 5, a unilateral increase in the league A prize produces
a more balanced league A. However, in addition, we find that the competitive balance in
league B decreases. Consistent with Proposition 2, without a Champions League, prize

variations have no affect on competitive balance.

6 Conclusion

In this paper, we analyse a model with n-clubs in two-leagues which are connected by
a superior contest, i.e., the Champions League. We show that the introduction of the
Champions League has major effects on clubs’ investment decision, competitive balance

and profits. The main results are as follows:

e The presence of the Champions League changes the effect of league prizes: If leagues
are not connected by a Champions League, a higher league prize in both leagues has
neither an effect on competitive balance nor on relative profits. However, if leagues
are connected by a Champions League, a (bilateral) increase in the domestic league

prizes increases competitive balance within the leagues.

e Simulations show that a unilateral increase in the league prize in league A increases
competitive balance in league A while it decreases competitive balance in league B

due to spill-over effects.

e Our model shows that the Champions League and league prizes have different ef-
fects on competitive balance: an increase in the Champions League prize decreases

competitive balance.

e Aggregate profits are increasing in the league prizes but are independent of the
Champions league prize. The size of the Champions League prize has only dis-

tributive effects within leagues but it does not change the size of the cake.

24



e Further results are derived with respect to the existence and uniqueness of the

solution.

This paper can be seen as a first approach to analyze the interaction effects of leagues

which are integrated in an overall contest.
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A Appendix

A.1 Proof of Proposition 1

Because of zero homogeneity: p(i) = P (#, 1) =P (%) in slight abuse of notation. By
assumption, we have P’ > 0 and P” < 0. Hence e(i) = ¢ (p(i)) T, where p(z) = P~(z),

and thus ¢’ > 0 and ¢” > 0. The rest is obvious.

A.2 Proof of Theorem 1

L is homogeneous, since H is homogeneous. Therefore, (4) implies p(i) = L (%) p(j)

for all 4, j, where L = H'~. Hence by (4)

v =([e(55) mds))_l (22)

for all i € Z. From (22) we get

~—

@) =i [ (55) Gt <0 (23

The rest then follows immediately.

A.3 Proof of Corollary 1

The first claim follows immediately from (23) and the second is an envelope theorem

result:

A.4 Proof of Proposition 2

Using (4) we get .
(i) = R (pm - M) (24)
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Hence II(7) > 0 Vi by the strict convexity of H and H(0) = 0. According to (22), p(7)
and p(i)/p(j) are independent of R.
Using (4) and the fact that pr(i; R) = 0 gives

T'(R) = >0 (25)

Further, the envelope theorem gives

g (i; R) = p(i) — c(i) K'(T)H (p(i)) T'(R)

Using (25) shows that I1g(i; R) > 0 iff I1(¢) > 0. Finally, (24) shows that I1(¢)/II(j) is
independent of R.

A.5 Proof of Proposition 3

Imitating the steps in the proof of theorem 1, we immediately see that (22) and (23) hold
again. Thus p(7) is independent of 1. Further

R, T) :
= H 2
[ “Rtnas = [ o) uas) (26)
where the RHS is a number. Hence the Inada condition (5) and continuity of ngf’f))

together imply existence of an aggregate T that solves (26), and (6) implies uniqueness.

The last claim follows as the LHS is a strictly monotonic function.

|
A.6 Proof of Corollary 2
The first claims follow from (23) and the Envelope-theorem. The fact that agg;) =0
follows from (22). Then (26) implies
Ry,K(T
T'(y) KD "

~ RK'(T) — RyK(T)
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and (6) implies 7"(¢) > 0. Equilibrium profits are

1(z) = (@) K(T) (p(i) H' (p(i)) — H (p(i)))

Hence %H(i) > 0 and II(7)/II(j) is independent of .

A.7 Proof of Proposition 4

(9) has the form ¢ (p(i)) = M (i,p(i)). By SOC we have ¢’ (p(i)) — M; (i,p(i)) < 0, hence

¢ (T)H (p(0)

PO = G000 — M (6, p(0)

as /(i) > 0, and II'(7) < 0 again follows from the Envelope theorem.

A.8 Proof of Proposition 5

From (14) we get

and

Y
1 =
/ )K= )
Using the IFT on (29) gives

<0

(28)

(29)

(30)

where £(i) = ¢(i)K(T) — nf2, and £(i) > 0 as p(i) > 0. From (28) we get Zp(i) > 0

iff n —c(i) K'(T)T"(§2) > 0. Using (30), this inequality becomes

[
f@)_/ o lds) >0

But as




and f(0) > 0 and f(1) < 0 there must exist a unique v € (0, 1) such that f(v) = 0, which

proves (15).

A similar proceeding gives

1 [ gynlds)

) = rmy | & u(ds)

From (28) and using the last result we get %p(z’) > 0 ift

c(i)
oy H(ds)
> f&()

c(i)K(T) — nf2
o [ &plds)

which is equivalent to

£(s)°
As
g'(i) = Clg(zi?zg (ds) >0

and

o0)= [ ((g(z))_ (o) (ds) < 0

g(1) = / né <<§1(>)— ) yas) > 0
there exists a unique v’ such that g(v') = 0, which proves (16).

Define
(i) = 2D _ chE(T) = nf

p(j)  c(@)E(T) —nQ

(31)

Taking the derivative of ( with respect to {2 and rearranging gives 8%(’ (1,7) > 0 iff

K(T)—QK'(T)T'(Q2) > 0. Plugging in (30) gives

1
o hlds
o, J matlds)

[T
£(s)?

K(T)
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which holds as p(i) > 0, ¢(i) > 1 and

Proceeding along the same line yields %( (,7) < 0, which completes the proof.

A.9 Proof of Proposition 6

1
Note that the cost level K is a solution to G(K) = [ mu(ds) =1/¢. Asp(i) >0
0

by presumption, we must have K > nQ. As c¢(i) € [1, ¢] there must be values Ky, K; such
that G(Ky) > 1/1¢ > G(K7). As ¢ > 0 we also have G'(K) < 0. By the continuity of G
there exists thus a unique K that solves the above equation. As K’ > 0 the aggregate T’
also is uniquely determined. But then (28) immediately shows that there exists exactly

one function p(7) which inherits the claimed property from c(7).

A.10 Proof of Corollary 3

The last claim follows from [ II(¢)u(di) = % and the first two claims are obvious from
(17). The claim on -5I1(i) follows from proposition 5 and the fact that II(i) = $¢p(i).
Finally, it is easy to show that %H(i) > 0 holds iff

/ﬁj (ds) +nQ/ p(ds) >0

holds, which certainly is the case if i > v'.

A.11 Proof of Proposition 7

Suppose (T4,Tg) > 0 is an equilibrium. System (19) is stable if Det(H) the determi-
nant of the derivative matrix of the RHS of (19), is positive and its trace negative, i.e.

Trace(H) < 0. We get

saspn (caTepTR(Ta + Tp)’n — 20TuTp (caTh + c5T}))

Det(H) = 5
TaTs(Ta+ Tg)

(32)
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Hence Det(H) > 0 iff
caTlegTH(Ty + Tp)°n > 20TATs (AT + c5T})
Using (18) this condition can be rephrased as
cATXHcBTgn + CBTg—HCATZ’U > CATZ—H (cgTh — Lp) + cBTgJrl (caT} — Ly)

which is satisfied by the assumptions made. To see that Tr(H) < 0 note that the first

diagonal entry of H, Hyy, is

where the second equality uses (18). Similarly, we get Hss < 0 and hence Tr(H) < 0.

For existence and uniqueness note that the two equilibrium expressions

Fy(Ta,Tp) = ta + 2072 — caT}

(33)
FB (TA,TB> = wB + 2QJTBTB — CBT];]

induce a vector field

F T
F = S . [0, 00)?
Fp Tp

From the assumptions it is easy to see that there always exists € > 0 such that the vector
field points into the interior at boundary points 7; = €, j = A, B. As the determinant
of F' at critical points must be positive (this follows from the stability analysis above)
existence and uniqueness of the equilibrium follows from the Index theorem (see e.g.

Vives (2001) or Hefti (2011)).

A.12 Proof of Proposition 8

Rather than attempting a direct proof, the result on T4, Tz can be obtained from proposi-
tion 5 of Hefti (2011). Suppose the game is symmetric, i.e. ¥4 = ¥ =1 and cq = cg = c.
It is then easy to verify that 7”()) > 0 and 7”(c), hence the game is monotonic in these
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parameters. Thus it suffices to verify that the symmetric game has no asymmetric equi-
librium, which holds if 7% (T) > —1. Hence we must show
200 —4

(T +T
TA (Tg) = STo—— 4+T5)* o > 1
(Ta+Tp)? cata

Using (18) it is easy to show that the denominator is negative and hence aggregates are

strategic substitutes. We therefore need to verify that

T T
2Q) 4 < neaT =20 b

(Ta + T5)* (Ta + Tp)?
which is equivalent to (use (18))

Ty

20—
Ths+Tg

< neaT)

But this condition holds as (use (18) again) it is equivalent to
—Ya<caTi(n—1)

To see the result for profits note that e.g.

/)7 J—
I1 + Q=
A= ” (@/)A T, +TB)

Hence if 1) holds, we have ¢4 > vp and also Ty > Tp, thus II4 > I[Iz. 2) is shown

similarly.
|
A.13 Proof of Proposition 9
First, note that (18) implies that
TA¢B < TB’L/JA = CBTg_1 < CATZ_l (34)
as well as
— Tg —1T
Ya—vs To—Ta Tl < AT (35)

2Q Tyr+Tp
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Next, using the IFT, the comparative statics with respect to (33) are

-1 20T 20T OF
Det(H 20T -1 20T OF
dTB ( ) —ﬁ CATATI n— (TA+T‘]33)2 d_zde
(36)

where Det(H) is the Determinant of the derivative matrix of (33). As this matrix
is similar to the derivative matrix of (19) (for sy = sg = 1) we know from the proof of
proposition 7 that Det(H) > 0 and hence (36) is well-defined.

The effects of an increase of 14 are clear from (36) and (20). Also ¢4 T implies Ty |

and TB T,HB T

2T

T4 = Det(H)(Ts + T)’Tx

(CBTBUT](TA + TB) — 2QTB) (37)
Plugging in (32) gives

QTI% (CBTBWH(TA + TB) — QQTB)

TA'(Q) = n,. M 2 n n
n (CATACBTB(TA +Tg)'n—2QTsTg (caT) + cBTB))

where the denominator is positive. Using (18) it is easy to verify that the nominator is
also positive. Hence T (2), T5(€2) > 0. From (20) we immediately get IT',(£2), IT’5(€2) > 0.

Relative profits are
114 1/}14 + ﬂ;_QCATX

g Yp + ﬂ;—QCBTg

Hence relative profits increase iff

_ —2 _
(7’] — 2) CATZ ! (LB + 1 1 CBTg) TA,(QT) > (7’} — 2) CBTE ! ('l,bA + 1 CATX) TB,(.%)

For = () the claim in the proposition holds if

+1 -9
csTp"(Ta + Tp) — 20T BT (m + nTCATZ>
caATA"(Ta+Tg) — 2QT, CATXH (1/}3 N UTQCBTE)

(38)

If cpTH " < e4T7" (which holds under (i)) then a sufficient condition for (38) to hold is
that

+1 _9
cgTe"(Ta + Tg) csTy (1/1A + "TCATZ>
ATa(Ta+Tp) ool pr—
atanla+ 1B caTy (¢B + TCBTB>
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which reduces to (use 9 again) TaLg < TgLy, which holds by (34) and (i). To see (ii),
proceed analogously. The claim holds if (38) holds with reversed sign. A similar line of
arguments establishes that this new inequality is true if cpTp = > 4T ', which holds

under (34) (reverse signs) and (ii).

A.14 Proof of Corollary 4

Because Y4 > ¢p and ¢4 = cp implies Ty > T the result follows from proposition 9.

The second claim follows similarly.

A.15 Proof of Proposition 10

For Q = 0 we get Ty > Tp from (18) and 114 > Il then follows immediately. T4 /Tg
increases if T /Tl > Ta/Tp. Using (37) this holds if cpTh ' > caT% . Hence if Ty > T,
then ¢4 > cp directly implies that Tx/Tp decreases in Q. If T4 < T then (34) implies
that Ty /T decreases in €2 and hence Ty /T is a decreasing function of 2. Let ' > 0

be the solution of WCXQ, = wi‘ggl. Then, by uniqueness of the equilibrium, it is easy
to see from (18) that T () = T (). As T4/Tp is decreasing in € this implies that
T4/Tp < 1 for all Q > Q. From the proof of proposition 9 we know that I14/Ilp is a
decreasing function of € if T'yipp < T, which holds if Ty > Tg. Similarly, we get the
same result if T4 < T, as this implies that T4 < T4 (use (34)).

Further, if Q > @bA—i—ZQTATTATB we get [Ig > I14. To see this, note that ¥4 +1¥g+ 22 =
caT) + cgT}. Using this in (20) shows that I > I, iff ¢ + ”T_QCBTE; > s+ ”T_QCATZ

which, using the last equality and €2 > 0, is equivalent to

n n n 21
1+ —— 20— > 1-— T
wB( +77—2>+ n—2 wA( n—2)+n—2CAA
Hence, @ > c4T} is sufficient for IIz > II4. This condition itself holds iff Q > ¢4 +

Ta -
QQTA s as claimed.

Now, let (€2,) be an increasing sequence. To prove the claim in the proposition we
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have to show that €2, (1 — 2TA73:‘TB) > 14 if n is sufficiently large. Write

T (Qn) _ _ o
o (1 ") + T <Qn>) = . (1 = 2r.)

If Q, >  then r, < 1/2. As r, is a decreasing and bounded sequence it is also
convergent and lim 1, € [0,1/2). Therefore €2, (1 — 2r,) is an increasing sequence and
nh_}rrolo Q, (1 —2r,) = oco. Thus 3 Q" such that [T, < I VQ > Q”.

As for Q = Q' we have Ty = T, expression (20) implies that I14(Q") > II5(€'), which
gives " > Q.

Note that g is determined by Wctgo = ¢BC;Q°.
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